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a b s t r a c t
By means of a simple proof we show that the system−∆ui = pi(|x|)fi(ui+1) and−∆ud =
pd(|x|)fd(u1) for i = 1, d− 1 on RN , whereN > 2, fii=1,d : (0,∞)→ (0,∞) are continuous
functions bounded in a neighborhood at infinity such that limsi↘0 fii=1,d (si) = +∞ and
pii=1,d are positive radial functions which are continuous on R
N , has no positive radial
solutions that decay to zero at infinity provided
∞
0 r
∑d
i=1 pi(r)dr = ∞, with r := |x|.
Moreover, a non-existence result for the case N = 2 is obtained.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction and the main results
Let us consider a point x := (x1, . . . , xN) ∈ RN(N ≥ 2), the Euclidean norm of the point x given by |x| :=
x21 + · · · + x2N
1/2 and a function u (|x|). The simple Lane–Emden–Fowler system is a partial differential equation system of
the form
−1ui = pi(|x|)fi(ui+1) in RN , i = 1, . . . , d− 1
· · ·
−1ud = pd(|x|)fd(u1) in RN ,
ui > 0 in RN , i = 1, . . . , d,
ui(|x|)→ 0 as |x| → ∞, i = 1, . . . , d.
(1.1)
In our work, the pi (i = 1, . . . , d) satisfy the following hypotheses:
(p1) the pi are positive radial functions that are continuous on RN ;
(p2) the pi satisfy∫ ∞
0
r
d−
i=1
pi(r)dr = ∞, r := |x| . (1.2)
We shall also assume that fi : (0,∞) → (0,∞) (i = 1, . . . , d) are continuous functions singular at zero that satisfy the
following assumption:
(f1) the fi are bounded in a neighborhood of+∞.
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A continuous function, say fi, is singular at 0 if fi (t)→∞ as t →∞. Our main interest in this work is in the case where
at least one of the fi (i = 1, . . . , d) is singular at 0 or all of them are.
The first motivation for the study of system (1.1) comes from the theory of stellar structure and has been the focus of
many studies by Lane, Emden, Fowler (see [1–5]) and Chandrasekhar [6,7]. The second motivation for the work comes from
the recent paper of [8] where a similar problem is considered.
From an astrophysical point of view, in the single Lane, Emden and Fowler equation
−1u = uq in RN , u > l ≥ 0 in RN , u |x|→∞→ l, (1.3)
which derives from (1.1), the positive radially symmetric solutions of (1.3) are used to describe the structure of the polytropic
stars (see [6] for details in this direction).
Systems of type (1.1) have received a great deal of interest in recent years (see [9–11] and their references). Such problems
appear inmany areas of applied physics and are introduced asmodels related to the equilibrium of continuousmedia which
somewhere are perfect insulators. Moreover, this system (1.1) corresponds to the singular Gierer–Meinhardt system arising
in molecular biology (see [10]).
Our main results are summarized in the following:
Theorem 1.1. Let N > 2. Under hypotheses (p1), (p2) and (f1) the system (1.1) has no positive radial solutions.
Theorem 1.2. Let N = 2. If fi : (0,∞)→ (0,∞) (i = 1, . . . , d) are continuous functions and pi (i = 1, . . . , d) are positive
radial functions that are continuous on RN , then system (1.1) has no positive radial solutions.
Theorem 1.1 shows that the condition∫ ∞
0
r
d−
i=1
pi(r)dr <∞, (1.4)
introduced first in [12], is nearly necessary in the existence theory of radially symmetric solutions to the system (1.1).
2. Proof of Theorem 1.1
In our proof we use an argument that can be obtained as in [13]:
Lemma 2.1. If fi (i = 1, . . . , d) are continuous functions singular at zero and bounded in a neighborhood of infinity then there
are continuous functions f
i
: (0,∞)→ (0,∞) such that:
(i) f
i
(s) ≤ fi(s), s > 0;
(ii) f
i
(s) are non-increasing functions;
(iii) f
i
(s)→+∞ as s →+0.
Proof of Theorem 1.1 completed. Suppose (1.1) has such a solution, (u1(r), . . . , ud(r)). Then−1ui(r) = pi(r)fi(ui+1(r)), i = 1, . . . , d− 1
· · ·
−1ud(r) = pd(r)fd(u1(r)),
or, equivalently, (u1(r), . . . , ud(r)) is a solution to the problem−(r
N−1u′i(r))
′ = rN−1pi(r)fi(ui+1(r)), i = 1, . . . , d− 1
· · ·
−(rN−1u′d(r))′ = rN−1pd(r)fd(u1(r)).
(2.1)
Integrating Eq. (2.1) from 0 to ξ , we have
−ξN−1u′i(ξ) =
∫ ξ
0
σ N−1pi(σ )fi(ui+1(σ ))dσ , i = 1, . . . , d− 1
· · ·
−ξN−1u′d(ξ) =
∫ ξ
0
σ N−1pd(σ )fd(u1(σ ))dσ ,
and hence u′i(ξ) < 0; i.e. the ui(ξ) are non-increasing. Summing up, we obtain
−
d−
i=1
ξN−1u′i(ξ) =
∫ ξ
0
σ N−1

d−1
i=1
pi(σ )fi(ui+1(σ ))+ pd(σ )fd(u1(σ ))

dσ . (2.2)
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Multiplying Eq. (2.2) by ξ 1−N and integrating on (0, r) yields
d−
i=1
(ui(r)− ui(0)) = −
∫ r
0
ξ 1−N
∫ ξ
0
σ N−1

d−1
i=1
pi(σ )fi(ui+1(σ ))+ pd(σ )fd(u1(σ ))

dσ dξ . (2.3)
We observe that
∑d
i=1 ui(r) <
∑d
i=1 ui(0) for all r > 0. Since
∑d
i=1 ui(r) is positive, then (2.3) implies∫ r
0
ξ 1−N
∫ ξ
0
σ N−1

d−1
i=1
pi(σ )fi(ui+1(σ ))+ pd(σ )fd(u1(σ ))

dσ dξ ≤
d−
i=1
ui(0), (2.4)
for all r > 0. But, using Lemma 2.1, we have
min

f
1
(u2(0)), . . . , f d−1(ud(0)), f d(u1(0))

·
∫ r
0
ξ 1−N
∫ ξ
0
σ N−1
d−
i=1
pi(σ )dσ dξ
≤
∫ r
0
ξ 1−N
∫ ξ
0
σ N−1

d−1
i=1
pi(σ )f i(ui+1(0))+ pd(σ )f d(u1(0))

dσ dξ
≤
∫ r
0
ξ 1−N
∫ ξ
0
σ N−1

d−1
i=1
pi(σ )f i(ui+1(σ ))+ pd(σ )f d(u1(σ ))

dσ dξ
≤
∫ r
0
ξ 1−N
∫ ξ
0
σ N−1

d−1
i=1
pi(σ )fi(ui+1(σ ))+ pd(σ )fd(u1(σ ))

dσ dξ ≤
d−
i=1
ui(0) <∞.
We can use integration by parts and L’Hopital’s rule (see [14]) to rewrite this as
∞ = lim
r→∞
∫ r
0
ξ 1−N
∫ ξ
0
σ N−1

d−
i=1
pi(σ )

dσ dξ
= 1
N − 2 limr→∞
∫ r
0
t

d−
i=1
pi(t)

dt
≤ 1
min

f
1
(u2(0)), . . . , f d−1(ud(0)), f d(u1(0))
 · d−
i=1
−
ui(0) <∞,
which is a contradiction. 
3. Proof of Theorem 1.2
Assume (u1(r), . . . , ud(r)) is a positive radial solution for the system (1.1). Then, we can write
(ru′i(r))
′ = −rpi(r)fi(ui+1(r)), i = 1, . . . , d− 1
· · ·
(ru′d(r))
′ = −rpd(r)fd(u1(r)).
Since fi, pi (i = 1, . . . , d) are positive for r > 0, it follows that
(ru′i(r))
′ < 0, i = 1, . . . , d
and that
ru′i(r), i = 1, . . . , d (3.1)
are decreasing functions. Because the functions (3.1) are decreasing and u′i < 0, we notice that
ru′i(r) ≤ −Ci, for r ≥ R, (i = 1, . . . , d) (3.2)
where Ci := −Ru′i(R) (i = 1, . . . , d) are positive constants. Or, according to (3.2),
−
d−
i=1
u′i(r) ≥
d−
i=1
Cir−1.
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Integrating this inequality from R to r we have
d−
i=1
ui(R)−
d−
i=1
ui(r) ≥
d−
i=1
∫ r
R
r−1dr, for r ≥ R.
Letting r →∞, we arrive at a contradiction. This proves the theorem.
Remark 3.1. From the above proof we can observe that the result from Theorem 1.1 holds if:
(f1) fii=1,d : (0,∞)→ (0,∞) are continuous functions;
(f2) there exists i0 ∈ 1, dwith fi0 bounded in a neighborhood of infinity and singular at 0;
(p1) the pi are positive radial functions that are continuous on RN ;
(p2) for i0 ∈ 1, d from (f2) we have
∞
0 rpi0(r)dr = ∞, r := |x|.
Remark 3.2. The above proof can be easily adapted to systems of the form
−∆pui = pi(|x|)fi(ui+1)+ qi (|x|) |∇ui|s in RN , i = 1, . . . , d− 1
· · ·
−∆pud = pd(|x|)fd(u1)+ qd (|x|) |∇ud|s in RN ,
ui > 0 in RN , i = 1, . . . , d,
ui(|x|)→ 0 as |x| → ∞, i = 1, . . . , d.
for some suitable conditions on pi, qi and fi. Here∆p· := div
|∇·|p−2 ∇· is the p-Laplacian operator.
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